A Monte Carlo method is described to model the mobility and diffusion of ions drifting in response to an electric field in a neutral gas. The model uses a collision frequency that is dependent upon the ion velocity and neutral gas thermal velocity. When implemented with a constant collision cross section for momentum transfer, the model gives a mobility that is constant for small electric fields (those giving a subsonic drift velocity) and that for larger fields falls inversely with the square root of the electric field. 
I. Introduction
The mobility of ions in weakly ionized plasma is often assumed to be constant, however, at higher field strengths it is a decreasing function of the electric field. The decrease begins at approximately the field strength that causes the drift velocity to exceed the thermal velocity of the neutral gas. In this work, a Monte Carlo model is described that gives good agreement with experimental data for the mobility of Ar + ions drifting in the parent gas for a wide range of electric field values. The computed mobility has the correct field dependence as a consequence of using an ion-neutral collision frequency that is a function of the ion velocity. In the development of this model, agreement with drift tube data for both mobility 1,2 and transverse diffusion 3, 4 has been used as a guide. The transverse diffusion of drifting ions is more sensitively dependent upon the nature of the collisions than is the mobility. A combination of hard-sphere and idealized chargeexchange collisions is found to better reproduce data for transverse diffusion than either type of collision used alone. Combinations of types of collisions have previously been employed in modeling RF and DC discharges. 5, 6, 7, 8, 9, 10, 11, 12 Plasma properties are often diagnosed by measuring the current-voltage characteristics of wire probes. For collisionless plasmas, the theory of probes is well developed, however, for collisional plasmas much less has been done in both theory and experiment. The frequently-cited collisional probe theories 13, 14 are based upon models in which the electron and ion motions are described by a constant mobility. The electric field, however, increases rapidly as the probe is approached and thus the ion mobility moves from the low-field regime to the high field regime except for very small probe voltages. 3 The use of a constant mobility limits these collisional probe theories to a relatively small range of voltage when ions are collected. A goal of the present work is to find a microscopic model for ion motion in plasmas that can be incorporated into computational models for ion collection by probes 15, 16 and aerosol particles. 17 The model should also have applications in describing the sheaths in plasma processing.
In Sec. II below, the velocity dependence of the collision frequency is discussed and the theory of ion mobility is reviewed for both the low and high field cases. It is shown that these two limiting cases and the transition between them can be described by calculating the collision frequency using the mean velocity of collisions for ions drifting in a Maxwellian gas. In Sec. III, comparisons are made between computational models with fixed and velocity-dependent collision frequencies. The collision cross sections are assumed to be fixed or energy-dependent and the types of collisions are assumed to be hard sphere, charge exchange, or a combination of these. Computed values for mobility and transverse diffusion are compared with experimental data. A summary and conclusion are presented in Sec. IV.
II. Theory

A. The collision model
The general expression for the collision frequency for a test ion of velocity i u within the neutral parent gas is 18 ( )
where n n is the neutral gas density, the integral is carried over the velocity distribution ( ) a u f of the neutrals (assumed to be Maxwellian) and the collision cross section σ is written as a function of the relative velocities of the particles. The probability that an ion will have a collision in a differential time step dt is ) ( i u ν dt. This probability is independent of the choice of collision partner because the integration removes the dependence upon a u . Thus, in the Monte Carlo model, it is not necessary to select the collision partner until after the decision to have a collision has been made.
The relative probability of a collision with an atom of given velocity a u is determined by the dependence of the integrand upon a u . For collisions of electrons with atoms, the product of the cross section and relative velocity is often nearly a constant and may be taken out of the integrand. In this case, the distribution of collision partners is the same as the distribution of neutral gas atoms. In the case of charge-exchange collisions of ions with atoms, there is a range of energies for which the cross section is nearly constant. In this case it is appropriate to take the cross section out of the integrand and to use for it a single value at a representative collision energy. The remaining integrand is small where
is small or for values of a u that are near to i u . The collision partners are therefore chosen using the weighting function
If the collision partners were chosen from a simple Maxwellian (i.e, no multiplication by the relative velocity), collisions of atoms and ions of low relative velocity would be chosen at too high a rate and collisions of high relative velocity would be chosen at too 5 low a rate. The consequences of alternate methods of choosing collision partners are discussed in the Appendix. 
where the field particle velocities are assumed Maxwellian. The final expression, plotted in Fig. 1 , is an approximation that is correct to within a few percent with a = 2 and to within a few tenths of a percent with a = 2.14. In the limit u i → 0, w(u i ) → (4/π) 1/2 u th , and in the limit  
where σ λ n mfp n / 1 = is the mean free path. This velocity dependent collision frequency is used in the computational model.
The velocity dependent collision frequency may be used in conjunction with the null collision method. 21, 22, 23 
B. Mobility as a function of the electric field
In the fluid description of plasmas, the mobility is found from the momentum equation.
The collisional drag is included by the term
, where i n is the ion density, m ν is the ensemble-averaged momentum transfer collision frequency, and d u is the ion fluid drift velocity. Assuming a steady state, the fluid transport equation in one dimension
where i Γ is the ion flux,
is the ion mobility,
is the ion diffusivity and q is the elementary charge. The electric field E is assumed uniform and aligned with the z-axis. In general, i D is a tensor quantity with differing values parallel and transverse to the electric field. The momentum transfer collision frequency m ν is in general different from the frequency of computational collisions
Often it is assumed that the mobility and diffusivity are constants and independent of the drift velocity. However, this is true only for drift velocities much smaller than the thermal speed. Wannier 24 identified three different regions for the mobility: 1) At small electric fields causing th d u u << , the collision frequency of the ions is constant and the mobility is independent of the drift velocity. There is a generalized Einstein or Nernst-Townsend relation between mobility and diffusivity, D i /µ i = T*/q, where T* is an effective temperature. 25 In the limit of small electric field, T* is the temperature of the neutral gas. 
where the mobility is now a decreasing function of the electric field intensity. 3) At intermediate electric fields, the drift velocity is of the order of the thermal speed.
Laboratory measurements of the ion drift velocity show a very gradual change from a linear dependence upon E to a dependence upon E 1/2 as E is increased. 26 This transition occupies a large part of the parameter space and is treated in more detail in the next section.
C. An approximate expression for the drift velocity
Equation (4) that relates the collision frequency to the speed of the test ion is similar to an approximation suggested by Wannier 24 , which uses a root-mean-square velocity to calculate the average collision frequency in the fluid approach:
This equation applies to the collision frequency averaged over all ion velocities rather than to the collision frequency of individual ions. It is thus a function of u d rather than u i .
The drift velocity may be obtained by using Eq. (7) in the fluid momentum equation without a density gradient
which can be solved to find
The drift velocity from Eq. (9) may be divided by the electric field to show that indeed the mobility is constant at low E, varies as E −1/2 at high E, and that the transition occurs in the region where the drift velocity is comparable to the thermal velocity.
For the noble gas ions helium, neon and argon, drifting in the parent gas, mobility measurements have been fit to a function of the form
where µ i,0 is the mobility extrapolated to zero electric field, p is the neutral gas pressure and A is an adjustable constant. The drift velocity for argon based upon this formula with coefficients to fit experimental data 27 is shown in Fig. 2 should also be accurate. It is possible to include the energy dependence of the collision cross section, which has so far been ignored. This is discussed in more detail in the next section.
The relationship between the mobility and a constant charge exchange mean free path has been discussed in some detail by Wannier. 18, 29 His analysis assumes an idealized charge exchange in which the ion and atom exchange identity. He finds that the distribution function of drifting ions in the limit of a strong field is approximately a one-sided
Maxwellian. The problem of relating the momentum transfer cross section to the chargeexchange cross section has been discussed by Phelps. 28 This relationship depends upon the differential cross section for which there is only limited data, especially at low energies. The differential cross section 30 is peaked at 0 degrees and 180 degrees in the center of mass frame, which indicates that the commonly used hard-sphere model (isotropic in the center of mass frame) is a poor approximation. The small angle scattering has little effect on transport and the backward scattering can be modeled as 180-degree backscatter. Phelps 28 suggests modeling the collisions as the sum of two processes: one in which there is 180-degree backscatter and a second in which the scattering is isotropic. These are described by separate cross sections. The isotropic part of the cross section falls more rapidly with energy than the backscatter part, thus the backscatter is an increasing fraction of the total cross section as the collision energy is The motivation for developing the model is applications in which the electric field is not uniform. The model is tested, however, with uniform E, which allows the equations of motion to be integrated analytically. In the model, the motion of a test ion is followed in time steps. The decision to have a collision is made in either one of three ways. In the constant-ν versions, the probability of a collision per unit time has the same value for all ions. At each time step the collision probability is ν dt. The time step is adjusted so that there are ~ 20 steps over the average collision time. This gives a small probability of a collision on each time step. In the constant-mfp λ versions, the collision probability is mfp ds λ / , where ds is the differential path length in time step dt. Again, the time step is adjusted for a small collision probability. In the variable-ν model, Eq. (4) In the time between collisions, the ion freely accelerates in an electric field along the zaxis and moves along the other two axes at constant velocity. The number of particles followed is > 256 and these are followed for > 256 collision times. The statistical uncertainty in the diffusion values is about 2% and the uncertainty in the mobility is smaller.
B. Mobility in dimensionless variables
The first computations were done for the constant-ν case with dimensionless variables and 1 = ν . The scaling of the drift velocity with electric field was investigated for a wide range of E using cold gas with both the constant-ν , and the constant-mfp λ models, 
C. Modeling mobility of Ar + in Ar gas
Argon is one of the most widely studied gases and there are many measurements of mobility, diffusion, and collision cross sections. The computations were repeated for Ar + ions using variables in SI units. The neutral Ar gas was modeled with 
with the collision energy ε expressed in eV. This cross section varies approximately as ε -0.1 for ε >> 0.015 eV. For these energies, the removal of the cross section from the integrand in Eq. (1) is justified and Eq. (2) is a good approximation.
The third cross section is a net cross section that is the sum of two parts:
where σ b (ε) is the cross section for 180-degree backscatter in the center of mass frame (idealized charge exchange) and σ i (ε) is the cross section for isotropic scattering 28 (hardsphere collision). Data for the differential scattering cross section has been used to deduce the isotropic part of the collision cross section: 
The backscatter cross section σ b (ε) can be deduced by subtracting the isotropic part of the cross section from the cross section for momentum transfer, taking into consideration the fact that backscatter collisions remove twice the momentum, on average, as the isotropic collisions. The momentum transfer cross section can be expressed as
In the model with the net cross section, the value of ) (ε σ net is used to make the decision for a collision, and the comparison of a random number to ) ( / ) ( ε σ ε σ net i is used to select either a hard-sphere collision or a backscatter collision. values that are too high at low electric field. This is partially a consequence of using a fixed value for the cross section that is inappropriate for low velocity collisions. In most of the calculations for Fig. 5 and Table I , the collision partner has been selected from a simple Maxwellian. In column 5 of Table I , a second number is given which is the drift velocity calculated for the energy dependent cross section ) (ε σ m using collision partners A comparison is given in Table II for 
throughout the range of E investigated. This formula is similar to one given earlier for the constant-ν case by Wannier, 24 in which the first term on the right has a coefficient of unity rather than π/4.
IV. Conclusions
A Monte Carlo model in which the collision frequency is calculated from the mean velocity of collisions has been found to accurately reproduce the electric field dependence of the mobility. The drift velocities scale linearly with E at low electric fields
and with E 1/2 at high electric fields. The data in Table I The data in Table II suggest that the fraction of the cross section that is isotropic is greater than indicated by the cross section in Eq. (13) . The selection of collision partners using a velocity-weighted Maxwellian increases slightly the diffusivity by increasing the population of high velocity ions.
APPENDIX: Choice of collision partners
It is expected from statistical mechanics that in the absence of an electric field, the ion 
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